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A primary objective of the Swarm constellation mission is to resolve the lithospheric magnetic ﬁeld with the
best achievable accuracy in order to bridge the spectral gap between satellite and airborne/marine magnetic sur-
veys. In a series of end-to-end simulations, the possibilities of high degree ﬁeld recovery were investigated. The
proposed constellation consists of a higher and a lower pair of satellites. It was soon found that a constellation as
such does not yet guarantee improved high degree ﬁeld recovery. Of crucial importance is the orbit constellation
of the lower pair of satellites. If the lower satellites follow each other, as investigated in Constellation 1, the gain
of a constellation turns out to be marginal, compared to a single satellite. For Constellation 2, the lower satellites
were separated in the E/W direction. In this setup, one can use the instantaneous E/W magnetic ﬁeld gradient
between the satellites, as well as the N/S along track gradients. Incorporating this vector gradient information
results in signiﬁcantly improved ﬁeld resolution. Indeed, the ﬁnal simulation suggests that the envisaged Swarm
constellation will enable the recovery of the lithospheric ﬁeld to beyond spherical harmonic degree 130.
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1. Introduction
Mapping magnetic anomalies is one of the most success-
ful and widely used techniques in geophysical exploration
and geological mapping. During the past two decades, con-
siderable efforts have been made to combine ground, air-
borne and marine magnetic surveys into continental scale
compilations. However, due to the changing ﬁeld from
the Earth’s core, individual surveys conducted at different
years are offset against each other. Survey parameters such
as ﬂight altitude and direction can also differ. Arbitrarily
bringing these disparate surveys to a common level distorts
the long wavelengths. Consequently, the information in
these compilations is limited to wavelengths of less than
about 200 km, depending on the individual input survey
sizes and the availability of dedicated long range proﬁles.
Magnetic anomaly mapping gained a new dimension
with the POGO (1967–1971) and Magsat (1979–1980) mis-
sions, which for the ﬁrst time provided global magnetic
anomaly maps (Langel and Hinze, 1998; Regan et al., 1975;
Cohen and Achache, 1990; Arkani-Hamed et al., 1994; Ra-
vat et al., 1995). Due to data quality issues and the short
duration of the Magsat mission, the maps were limited to
a resolution of about 1000 km, corresponding to spherical
harmonic (SH) degree 40. After a pause of 20 years, mea-
surements from three satellites with science quality mag-
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netometers are now available for a period of more than
ﬁve years. Ørsted (launched February 1999) and SAC-C
(launched November 2000) have rather high orbital alti-
tudes of around 700 km, though, limiting the resolution of
the crustal ﬁeld to about degree 60. The CHAMP satel-
lite, on the other hand, launched in July 2000 to an initial
altitude of 450 km, is providing high resolution data from
which crustal ﬁeld models to SH degree 90 have been de-
rived (Maus et al., 2002, 2006). By the end of the CHAMP
mission, at around 2008, the crustal ﬁeld is expected to be
resolved accurately to about SH degree 100. Corresponding
to a wavelength of 400 km, this still leaves a considerable
spectral gap between the CHAMP anomaly map and the
continental scale compilations. The upcoming Swarm con-
stellation mission (Friis-Christensen et al., 2006) provides
a unique opportunity to close this gap.
Mapping the high degree lithospheric ﬁeld is challenging
due to the attenuation of shorter wavelength anomalies with
altitude. The weak signal observed at satellite altitudes in
the range of 300–450 km is easily masked by time varying
external contributions to the geomagnetic ﬁeld. The idea of
the upcoming Swarm mission is to better distinguish spatial
from temporal variations of the magnetic ﬁeld by using a
constellation of satellites. This provides a unique opportu-
nity to map the high degree lithospheric ﬁeld down to the
longest wavelengths covered by the aeromagnetic/marine
compilations.
Here, we describe a series of studies performed in the
frame work of the Phase A Swarm end-to-end mission
performance simulator (Olsen et al., 2006) to investigate
the possibilities and limitations of high-degree lithospheric
ﬁeld mapping, and to ﬁnd optimum orbital constellations
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Table 1. Virtual satellites in Constellations 1 and 2.
Name Renamed to Altitude Inclination Comment
C1-S1 550 km 86.0◦
C1-S2 550 km 86.0◦ following C1-S1 with 180◦ separation
C1-S3 450–250 km 85.4◦
C1-S4 450–250 km 85.4◦ following C1-S3 with 1000 km separation
C1-S5 450–250 km 85.4◦ following C1-S3 with 3000 km separation
C2-S1 Swarm C 550 km 87.3◦
C2-S2 550 km 87.3◦ following C2-S1 with 180◦ separation
C2-S3 550 km 87.3◦ displaced E/W to C2-S1 by 12◦
C2-S4 Swarm A 450–250 km 86.8◦
C2-S5 450–250 km 86.8◦ displaced E/W to C2-S4 by about 1.5◦
C2-S6 450–250 km 86.8◦ displaced E/W to C2-S4 by 12◦
C2-S7 Swarm B 450–250 km 86.8◦ as C2-S5, but strict 1.5◦ separation
for this purpose, in the presence of the complete set of
magnetic ﬁeld contributions. These simulated contributions
ranging from the Earth’s core to the magnetosphere are de-
scribed in detail in Olsen et al. (2006). However, the pro-
duction of the synthetic input data was not part of the study
presented here. The input models were chosen by a larger
committee, and the synthetic data were produced by a sep-
arate team. These data were then downloaded from a cen-
tral FTP site by all participating science teams for their re-
spective ﬁeld recovery simulations (see companion papers
in this special issue).
Two orbital constellations were investigated. Both con-
stellations consisted of several satellites in higher orbits at
about 550 km altitude and several lower satellites, descend-
ing from 450 km to 250 km in altitude over the mission
duration of 4 years. They are summarized in Table 1. The
higher and lower satellites commence with orbital planes at
almost equal local times (being launched by a single vehi-
cle). The orbital planes of the higher satellites then slowly
drift apart from the orbital planes of the lower ones. The
main difference between constellations 1 and 2 is that the
lower satellites in the ﬁrst constellation (C1-S3, C1-S4 and
C1-S5) followed each other, like the GRACE gravity satel-
lites (Tapley et al., 2004), while in Constellation 2 the lower
satellites were displaced in the E/W direction. For Con-
stellation 2, different spatial separations were investigated,
namely C2-S4/C2-S5 with an E/W separation of 1.5◦ at the
equator, and C2-S4/C2-S6 separated by 11.25◦. Since the
C2-S4/C2-S5 pair did not maintain the 1.5◦ longitudinal
separation very well over the course of the simulated mis-
sion, a satellite C2-S7 with an actively maintained longi-
tudinal separation of 1.5◦ to C2-S4 was introduced for the
ﬁnal high-degree lithospheric ﬁeld recovery study.
In the ﬁrst part (Section 2) we recovered the lithospheric
ﬁeld from “clean” data that only contained the lithospheric
signal. This was an important initial step for testing the
reliability of the algorithms involved. The questions to be
addressed included an assessment of the consistency of the
synthetic data, a check of the ability of the inversion algo-
rithm to recover the SH coefﬁcients, and an investigation
of the role of the polar gap. The synthetic magnetic data
contained features of scale sizes much smaller than have
ever been recovered from satellites. Therefore, it was ini-
tially not clear to what extent they could be recovered from
the synthetic data in this inversion. In the second part of
this study (Section 3) we used the same orbital constella-
tion (Constellation 1) but the data included all source con-
tributions. After it became clear that little was gained from
two spacecraft closely following each other in the same or-
bit, Constellation 2 was designed with the two lower space-
craft ﬂying side-by-side, separated in the E/W direction and
crossing the equator approximately at the same time. In
addition, synthetic instrument noise was added to the data.
Using a specially developed gradient method, studies based
on Constellation 2 data showed a signiﬁcantly improved
ﬁeld recovery. The study also yielded the intuitive rule that
the spacecraft separation must be smaller than the wave-
length of the smallest scales to be recovered in order to be
able to measure meaningful gradients.
2. Inversion of Lithosphere-only Data
In an initial study, the accuracy of the synthetic data set
and the feasibility of the inversion approach were tested.
Only the lithospheric ﬁeld contribution was used in this ini-
tial investigation. The synthetic data were derived from
a static ﬁeld model from SH degree 14 to 120 (Olsen et
al., 2006). At degrees 1–13 the core ﬁeld dominates over
the lithospheric magnetic ﬁeld. Model coefﬁcients above
n = 110 had been tapered to reach zero at n = 120. The ta-
pering was meant to prevent the presumed ringing of a sharp
cut-off. However, it was later recognized that it would be
more realistic to continue the synthetic lithospheric ﬁeld to
a much higher SH degree without tapering, as implemented
in the high-degree experiment of Constellation 2. The indi-
vidual ﬁeld values were truncated at a resolution of 0.01 nT.
This reﬂects the approximately achievable degree of quan-
tisation of modern instruments, conﬁrmed by the observed
high frequency noise level of the CHAMP vector magne-
tometer. The sampling rate of the data set was 1 per minute,
which, at a satellite speed of about 8 km/s, corresponds to a
distance of 480 km between the samples. For the real situa-
tion with a time varying background ﬁeld, a spacing wider
than the wavelengths to be recovered can generate serious
aliasing problems. The sampling rate was therefore reduced
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Fig. 1. Degree correlation between the input and recovered models for
lithosphere-only data.
to 5 seconds for the later tests. However, for the initial test,
with a static input ﬁeld, a higher resolution was achieved by
the repetition of orbits.
The mission simulations were carried out assuming a
mission period of 1998 to 2001, one solar cycle prior to
the planned Swarm mission, the reason being that auxilliary
observatory data and magnetic and solar indices were avail-
able for this period. Due to the strong attenuation of the
high degree lithospheric ﬁeld with altitude, the later part of
the mission was most favorable for this study. For the inver-
sions of lithosphere-only data, we therefore used only the
last 400 days, from day 330 to 730 in MJD2000 (November
2000–December 2001). The selected data were from one
of the low satellites, C1-S3. This spacecraft traversed the
altitude range of 400 km down to 250 km during the time
span considered.
A quantity which was of particular concern for the inves-
tigations performed here is the size of the polar gap. Due to
the inclination of the C1-S3 spacecraft of 85.4◦, a circular
area with a diameter of about 1000 km was left unsampled.
This is signiﬁcantly larger than the 333 km wavelength of a
degree 120 spherical harmonic.
Fig. 2. Global distribution at 400 km altitude of the difference in Bz between the recovered and input model ﬁelds using as input to the inversion all
vector components (left) and the vertical component only (right).
2.1 Inversion approach
The basic method which was employed here is the least-
squares algorithm for retrieving SH coefﬁcients from vec-
tor measurements well distributed over a sphere (Maus et
al., 2006). Due to the sampling pattern of a satellite in a
near-polar orbit the density of measurement points is much
higher at polar latitudes than close to the equator. This dis-
parity is compensated by down-weighting the high-latitude
samples. To achieve this, the data were counted in equal
area bins and downweighted by their number density to ob-
tain an equal area distribution on the sphere. After this treat-
ment, all areas (except for the polar gap) contributed equally
to the global solution. Since we are dealing with noise-free
data, no weighting was used in the inversions. The applied
standard inversion algorithm ﬁnds a solution by minimising
the root mean square of the residuals.
In a ﬁrst run we used the full vector information (three
components). From a mathematical point of view, the full
vector contains quite a bit of redundant information and
it should be sufﬁcient to use either the vertical or the two
horizontal components to invert for an internal poloidal ﬁeld
in the possible presence of toroidal ﬁelds. To test this
redundancy, all runs were repeated using only the vertical
component.
2.2 Recovered ﬁeld from lithosphere-only data
Figure 1 shows the degree correlation (Langel and Hinze,
1998) between the (true) input SH coefﬁcients and the re-
trieved ones. According to this test, they are virtually iden-
tical. The correlation only drops to below unity when the
tapering beyond degrees 110 sets in, where we obviously
run out of signal. The full vector solution gives a slightly
better result, probably because the horizontal components
help to constrain the ﬁeld in the polar gap.
A direct way of visualising the ﬁt between input and out-
put ﬁelds is to plot the ﬁeld differences on a global map.
Figure 2 (left) shows the results from the full vector solu-
tion for the vertically downwards component Bz . Residu-
als are very small—well below the quantisation step size of
0.01 nT, even over the polar gaps. For the case of the solu-
tion using only the vertical component input data (cf. Fig. 2,
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Fig. 3. Sensitivity matrix showing the difference between recovered and the input model SH coefﬁcients for lithosphere-only data as relative errors,
using all vector components (left) and only the vertical component (right).
Fig. 4. The degree correlation between the input and the retrieved litho-
spheric magnetic ﬁeld model for a single satellite (C1-S3) and a forma-
tion (C1-S1, C1-S2, C1-S3, and C1-S5) approach in Constellation 1.
right) the differences are slightly larger, but still insigniﬁ-
cant and evenly distributed. As an interesting feature, for
the latter case the polar gap becomes visible in both hemi-
spheres. The horizontal components of the ﬁeld observed
close to the gap obviously help to constrain the ﬁeld within
the gap. Using only the vertical component, we lose this
extra information with the effect that the ﬁeld in the polar
gap is not resolved.
In a third evaluation, the SH coefﬁcients of the original
and the recovered model are directly compared. The dif-
ferences between the coefﬁcients are the errors of the re-
covery. They can be displayed as a colour-coded sensitivity
matrix with degree n versus order m. Figure 3 (left) shows
the percentage error for the full vector solution. Here the
deviations are generally well below 1%, except for the de-
grees just below n = 120 where tapering becomes effective.
Slightly larger errors are encountered when only the verti-
cal component is used in the inversion (cf. Fig. 3, right).
Worth noting is the distinct feature for coefﬁcients with or-
der m = 0. These zonal coefﬁcients are particularly sensi-
tive to the ﬁeld at the very highest latitudes (see ﬁgure 3.5.2
of Backus et al. (1996) for the behaviour with latitude of the
Associated Legendre Functions). The somewhat enhanced
errors of these zonal terms are caused by the polar gap. The
polar gap obviously requires special attention in the Swarm
orbital conﬁguration.
2.3 Discussion of results from the lithosphere-only in-
version
The comparison between the synthetic input data and the
retrieved magnetic ﬁeld model reveals almost complete re-
covery in the case of clean data. Indeed, the agreement is
much better than the maximum error predicted for the lin-
ear 3D grid interpolation algorithm used to synthesise the
lithospheric ﬁeld (Olsen et al., 2006). Such an algorithm
was used in the data synthesis in order to avoid the exces-
sive computation times required for point by point SH trans-
forms.
Several conclusions can be drawn from the results ob-
tained. The truncation of the generated magnetic ﬁeld data
to a resolution of 0.01 nT, which is achievable with state-of-
the-art instrumentation, causes no limitation in the recovery
of lithospheric signatures up to degree n = 120. Also, the
rather coarse sampling of 1-per-min had no negative effect
on the solution. However, this conclusion may not hold up
in a realistic setup with time-varying external ﬁelds. In the
following simulations, where the complete ﬁeld is repre-
sented in the input data, including its temporal variations,
we used a denser sampling of one reading per 5 s.
A feature of the input data which affects all of the re-
sults presented, is the tapering of the spectrum for degrees
beyond n = 110. No reliable recovery of the magnetic
signatures could be obtained at this short wavelength end
due to the tapering of the input signal. This effect is rather
prominent in the sensitivity matrix (cf. Fig. 3). Errors above
2% are found only in the tapered degrees beyond n = 110.
From these ﬁndings it was recommended that for the fol-
lowing simulations the input lithospheric model should not
be tapered and should be extended to higher degrees. Note
that the input models for producing the synthetic data were
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not chosen by the authors of this study, but by the whole
Swarm science team.
As expected, employing the full magnetic ﬁeld vector for
the inversion gives somewhat better results than determin-
ing the SH coefﬁcients from only vertical component data.
Quite prominent is the difference in the response to the po-
lar gap. Even though it is rather large (about 1000 km in di-
ameter) it was hardly discernible when the full vector data
were used. When recovering the model from the vertical
component only, larger differences showed up in both the
global map (Fig. 2, right) and the spectral sensitivity matrix
(Fig. 3, right). The enhanced errors for coefﬁcients with
m = 0 are a manifestation of the polar gap.
When retrieving magnetic ﬁeld models from real satel-
lite measurements one usually uses only the ﬁeld magnitude
(or downweights the components perpendicular to the main
ﬁeld) in the polar regions, since the perpendicular (horizon-
tal) components are strongly affected by ionospheric cur-
rents. In this respect, our solution using only the vertical
component may describe real conditions better than the one
using the full vector. At high latitudes the ﬁeld direction
is almost vertical over a fairly large range. We may con-
clude that a polar gap of 1000 km in diameter will have ad-
verse effects on high resolution magnetic ﬁeld modelling.
To make use of the full performance of the Swarm mission
will require a signiﬁcantly smaller sized polar gap.
3. Lithospheric Field Recovery from Constella-
tion 1 Data
For the second investigation, all source terms of the syn-
thetic data set of Constellation 1 were added. These were
the core ﬁeld, including secular variation, crustal ﬁeld,
ionospheric, magnetospheric, Earth induced, and toroidal
external ﬁelds. Here we made use of the 5-second data
which provide a sufﬁciently dense sampling of the high-
degree lithospheric signals. The purpose of this study was
to show how well the lithospheric ﬁeld could be recovered
from the complete, but instrument-noise-free, data set when
one or more satellites were included in the inversion.
In Section 2 we demonstrated that the lithospheric ﬁeld
could be reconstructed almost perfectly, even with a sin-
gle satellite, if the synthetic input data consist only of the
lithospheric source term. The multi-satellite approach thus
had to be optimised toward an efﬁcient separation of the
other source terms. Since the external ﬁeld geometry can
be quite complex, four globally distributed satellites are not
expected to provide sufﬁcient extra information to provide a
unique representation of all of the contributing source ﬁelds
at a given point in time for the whole globe. We therefore
reduced the size of the spatial area considered to a diameter
of about 3000 km, assuming that four satellites in a smaller
area can provide a local description of the complete exter-
nal ﬁeld structure sufﬁciently well. The idea is that external
ﬁelds on the night side are predominantly large scale and
therefore can be identiﬁed using a small number of satellites
measuring simultaneously in a small region. This approach
resulted in the following data selection criteria:
• Only night-time (19:00 LT to 05:00 LT) passes were
considered in order to minimise the effect of iono-
spheric currents.
• Only time intervals with night-side equator crossings
of all four satellites within a sector of 20◦ in longitude
were taken into account.
The second condition was met during the ﬁrst 200 days of
the simulated mission and once again for 400 days, roughly
centred about the fourth year. We used both intervals (see
Olsen et al. (2006) for the orbit development). It was not
required that the satellites passed the region of interest si-
multaneously. We allowed for a time difference of up to
one hour for tracks to be considered in a joint inversion.
Variations taking place on this time scale were considered
to be small and randomly distributed. This rather generous
condition allowed all four satellites to contribute to the so-
lution on almost every orbit during the periods considered.
While the main ﬁeld was assumed to be known to degree
13 and was subtracted from the synthetic data, the constel-
lation approach was used to characterise the main features
of the external ﬁeld and its induction effect. Only the low-
degree terms of the disturbance ﬁeld were determined. This
was assumed to be sufﬁcient for a local solution. On an
orbit-by-orbit basis the following parameters were solved
for:
• External magnetic dipole, aligned with the main
dipole, plus its time derivative (2 parameters)
• An orthogonal external dipole in the orbital plane (1
parameter)
• The induced counterparts of these two components and
the time derivative of the internal dipole (3 parameters)
• The toroidal ﬁeld contribution in the geomagnetic lon-
gitudinal ϕ direction (1 parameter)
• External magnetic quadrupole, axial component (1 pa-
rameter)
• Orthogonal quadrupole in orbital plane (2 parameters)
• The induced counterparts of the quadrupoles (3 param-
eters)
In a test run, we veriﬁed that these parameters are almost
uncorrelated and therefore could be determined reliably on
a track-by-track basis. The magnetic ﬁeld components re-
sulting from this joint multi-satellite inversion were consid-
ered to be long wavelength noise which was subtracted in
order to isolate the lithospheric magnetic signal. This ap-
proach is also referred to as track-by-track ﬁltering.
3.1 Inversion result for Constellation 1 data
In a ﬁrst run we tested the algorithm by applying it to a
single satellite, the low ﬂying C1-S3. The SH coefﬁcients
were solved for from degrees 1 to 110. Degrees 1–13 are
dominated by the core magnetic ﬁeld and were therefore
discarded. The same inversion algorithm was then used in
a multi-satellite inversion. As expected, the agreement with
the original lithospheric ﬁeld signature was not as good as
in the case of the inversion of clean data. Figure 4 shows
the degree correlation between the retrieved and input high-
degree coefﬁcients of the lithospheric ﬁeld. An interest-
ing result is that the single-satellite solution gave a better
correlation over large parts of the spectrum than the multi-
satellite approach. This contrasted with the widespread be-
lief that multiple satellites per se are a guarantee of bet-
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Fig. 5. Global distribution at 400 km altitude of Bz residuals between input and derived model for the single satellite (left) and multi-satellite solution
(right) in Constellation 1. The low-degree sectorial stripes are quite prominent.
Fig. 6. Sensitivity matrix showing the difference between the input and the derived SH coefﬁcients as relative errors for the single satellite (left) and
multi-satellite results (right) in Constellation 1.
Fig. 7. Degree correlation between the input model and the retrieved litho-
spheric ﬁeld model, separately for a single satellite solution (C2-S4)
and for pairs of satellites (C2-S4/C2-S5 and C2-S4/C2-S6) in Constel-
lation 2.
ter ﬁeld modelling results. It was agreed prior to the study
(Olsen et al., 2006) that recovered models would be consid-
ered to be in agreement with the original input model for all
degrees at which the degree correlation was above 0.7. This
threshold of 0.7 is encountered at degrees around 90 in the
case of C1-S3 alone and slightly less than 80 for the four-
satellite solution. The degree of ﬁeld recovery with C1-S3
is remarkably high and goes beyond the resolution obtained
so far by the CHAMP magnetic ﬁeld measurements. This
is due to the (implicitly assumed) superior measurement ac-
curacy of the Swarm satellites and due to the fact that data
at altitudes down to 300 km, which is lower than the present
CHAMP altitude, have been used.
Another way of visualising the ﬁt between the original
and the recovered model is to plot the local differences on
a global map. Figure 5 shows the global distribution of the
residuals for the single-satellite and the formation (multi-
satellite) solutions, respectively. The dominating features
are sectorial stripes of residuals with alternating sign and
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amplitudes of up to 5 nT. Their spatial scales correspond to
the lower truncation degree of n = 14, indicating that the
longest wavelengths are affected strongest. These stripes
probably show the genuine lithospheric signal lost in the
track-by-track ﬁltering. In the case of the constellation so-
lution, the stripes are much weaker, indicating that a smaller
portion of the genuine lithospheric signal was ﬁltered out.
Spots of strong residuals appear in polar regions and, in par-
ticular, at the magnetic poles.
In the third evaluation, the retrieved SH coefﬁcients are
directly compared with the input model. Figure 6 shows
the percentage errors for the single and multi-satellite so-
lution respectively. Errors are colour-coded in the sensitiv-
ity matrix containing degree n versus order m. The matri-
ces show some interesting structures. At low degrees up to
about n = 50 the errors are fairly low. For higher degrees
they increase signiﬁcantly. There are prominent error levels
at certain values of the order m. They come at multiples
of m = 15, which indicates that they are caused by mis-
sion periods in which the satellites went into exact-repeat-
orbits. These exact-repeat-orbits are disadvantageous, since
the ﬁeld is then repeatedly sampled at the same locations,
while other locations remain unsurveyed. They occur at
certain altitudes during the orbital decay of the satellite. In
practice, they can be avoided by actively lowering a satel-
lite through these resonant altitudes. It was not done in the
simulation, but is strongly recommended for the real mis-
sion. Most pronounced in the sensitivity matrix is the peak
at m = 0. Again, this is due to the polar gap in the mea-
surements.
3.2 Discussion of the inversion of the Constellation 1
data
In summary, the second simulation was based on noise-
free data, but all magnetic ﬁeld sources included in the syn-
thetic data set (including the toroidal ﬁeld) were considered
in the inversion. Non-lithospheric ﬁeld contributions were
removed by track-by-track ﬁltering. As expected, the re-
sults were not as good as in the ﬁrst case (Section 2) where
only the lithospheric ﬁeld part was considered. The resolu-
tion achieved with the single satellite, obtaining correlations
above 0.7 for SH degrees up to 90, is very satisfying and can
be interpreted as a conﬁrmation of the efﬁcacy of the ﬁlter
used.
In the case of the multi-satellite inversion, a common so-
lution, ﬁtting all four satellites simultaneously, was sought.
Figure 4 shows that the constellation solution is better for
degrees up to 35. In this wavelength range, the ﬁlter obvi-
ously removes genuine crustal signal when applied to data
from a single satellite. For higher degrees, the ﬁlter fails
to completely remove the non-lithospheric ﬁeld. A stronger
ﬁlter (co-estimating more parameters) could have improved
the multi-satellite solution. However, this would not have
led to an improvement at high degrees over the single-
satellite solution, as is apparent from the tests described be-
low.
The efﬁciency of the constellation at long wavelengths
is supported by the distribution of the residuals in Fig-
ure 5. The amplitude of the dominating sectorial stripes is
greatly reduced in the constellation approach. The prob-
lem of single-track line levelling uncertainty inherent to
track-by-track ﬁltering can be effectively mitigated in the
case of multi-satellite solutions. The optimal spacing of
the spacecraft for this purpose is investigated below. It is
worth noting that none of the prominent crustal magnetic
features (Bangui, Kursk, Kiruna anomalies) are visible on
these residual maps. The crustal ﬁeld itself is obviously
well recovered, but contaminated by additional signal in the
long wavelength range.
On the other hand, Constellation 1 did not yield an im-
proved high-degree lithospheric ﬁeld recovery over a sin-
gle satellite solution. The main reason was that the two
lower satellites, closely following each other, simply repli-
cated each other’s measurements, while the higher satellites
were too high in altitude to constrain the short scale ﬁeld.
4. Lithospheric Field Recovery from Constella-
tion 2
Inspired by the results of the previous investigation, it
was decided to simulate the lower satellites ﬂying side-
by-side, rather than following each other, for Constella-
tion 2. The following section investigates the advantages
of the new constellation. In addition, a more realistic
model of magnetospheric and induced contributions was
used and realistic instrument noise was added to the syn-
thetic data (Olsen et al., 2006).
4.1 Data selection and inversion approach
For this third study the synthetic data generated for Con-
stellation 2 (Olsen et al., 2006) were used. We made full use
of the 5-sec vector data. The dense sampling was needed for
the recovery of the high-degree lithospheric anomalies. All
magnetic source terms in the data set had been summed.
In this case, realistic instrument noise was also included.
There was one exception from the complete set of source
terms. The synthetic toroidal ﬁeld components were not
considered because the toroidal ﬁeld model was derived
from Ørsted observations only (650–850 km). Their ex-
trapolation to the lower Swarm altitudes turned out to be
unstable and the result had no resemblance to real CHAMP
observations at this altitude.
Data were only used for periods when ionospheric cur-
rents were known to be weak. Commonly used criteria are
a small activity index, Kp ≤ 2 and the hours of the late
night, 22 to 05 local time, when the ionospheric conductiv-
ity is low. Data for the whole simulated mission time of 61
months were considered in the selection, according to the
above mentioned criteria, and treated in one inversion run
for the retrieval of the lithospheric ﬁeld.
A major task for recovering the rather weak lithospheric
signal was the elimination of all the other source contribu-
tions. As a ﬁrst step, a main ﬁeld model was subtracted.
Secular variation up to degree 13 was assumed to change
linearly with time. The true input synthetic main ﬁeld actu-
ally had a higher order cubic spline secular variation. Thus,
our linear approximation deliberately introduced a realistic
main ﬁeld model error into the simulation.
Contributions from the external sources were again de-
termined on a track-by-track basis. This time they were re-
solved up to degree 3 and order 1. Simultaneously, their
induced counter-parts were estimated. If several satellites
of the constellation were considered in an inversion run, all
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Fig. 8. Global distribution at 400 km altitude of residuals between input and derived model, (left) solution from satellite C2-S4, (right) solution from
satellite pair C2-S4/C2-S5 in Constellation 2.
Fig. 9. Sensitivity matrix showing the difference between input and derived SH coefﬁcients as relative error, (left) solution from satellite C2-S4, (right)
solution from satellite pair C2-S4/C2-S5 in Constellation 2.
Fig. 10. Degree correlation between input and retrieved lithospheric
magnetic ﬁeld model for the high-degree inversion of C2-S4/C2-S7 in
Constellation 2.
data were included in a joint determination of the external
contributions.
In the case where two of the lower altitude satellites were
used, three types of input data were used in combination:
(1) the data given for each satellite, (2) the along-track gra-
dients for each satellite, and (3) the across track gradients
between pairs of satellites. These gradients were treated
in the least squares inversion in the same manner as the
non-gradient vector data. The covariance between the non-
gradient and gradient data, although the latter are derived
from the former, was not taken into account here.
4.2 Results of the lithospheric ﬁeld retrieval from Con-
stellation 2
The effects to be investigated in the following simula-
tions included the effect of realistic instrument noise and
the spacing of the satellites. The same multi-satellite data
set was processed several times using a variety of spacecraft
combinations. The most instructive results were obtained
from different combinations of the satellites in the lower or-
S. MAUS et al.: LITHOSPHERIC FIELD RECOVERY 405
Fig. 11. Global Bz map at 50 km altitude of lithospheric magnetic ﬁeld. High-resolution (degree and order 150) input model (left), recovered lithospheric
features from the C2-S4/C2-S7 pair utilizing the gradient method (right).
bit. Adding one or two spacecraft on a higher orbit did not
improve the resolution of the high-degree ﬁeld.
For the lithospheric ﬁeld recovery the SH coefﬁcients
were determined again for degree and order 14 to 110.
These values were then compared with the SH coefﬁcients
of the input model. Figure 7 shows the degree of corre-
lation of three modeling results with the true input model.
Using only one low-ﬂying satellite (C2-S4) already recov-
ered the lithospheric signal well. This conﬁrms the ﬁndings
of the Constellation 1 results. Adding another satellite sig-
niﬁcantly improved the model accuracy in the longer wave-
length range up to degree 30. The overall gain when con-
sidering a second satellite depends quite signiﬁcantly on the
chosen separation. The pair C2-S4/C2-S6 with an E/W sep-
aration of 11.25◦ in longitude provided good performance
up to about n = 30 where the correlation drops off. Around
this degree the wavelength of the signal becomes compara-
ble to the spacecraft separation. For degrees beyond n = 40
the pair C2-S4/C2-S6 did not provide any advantage over
the single-satellite solution.
There is a large difference in the case of the closely
spaced pair C2-S4/C2-S5 which is separated only by 1.5◦
in longitude (Fig. 7). Here we obtained a signiﬁcant gain in
accuracy over the whole spectrum. The improvement even
increases toward higher degrees. At n = 110 the correlation
between the input and the retrieved model is still above 0.9.
In the subsequent assessment we therefore compare only
the result of C2-S4 with the pair C2-S4/C2-S5.
Figure 8 shows the results from the single satellite and
the closely spaced pair C2-S4/C2-S5 models. The dominant
features are sectorial stripes. Their spatial scale is close
to the truncation wavelength at degree 14. In the case of
the dual-satellite solution the amplitude of the residuals is
signiﬁcantly reduced.
In Figure 9 the relative error of each SH coefﬁcient is
plotted. Evidently, the closely spaced pair provided better
results at all degrees. Remaining uncertainties are centred
around some m values, concentrated for the C2-S4/C2-S5
pair around m = 0 and |m| ∼ n, with the larger errors
Fig. 12. Sensitivity matrix showing the difference between input and
derived SH coefﬁcients as relative error for the high degree inversion
of C2-S4/C2-S7 data in Constellation 2.
around m = 0 probably caused by the polar gap.
4.3 Discussion of Constellation 2 results and a new
high-degree test
The Constellation 2 simulation of the recovery of the
lithospheric ﬁeld was based on realistic data even including
instrument noise (Olsen et al., 2006). The quality of the re-
trieved models is remarkably high. It was demonstrated that
features up to degree 110 can be recovered reliably with an
optimised constellation, comprising spacecraft ﬂying side-
by-side. When comparing it with the Constellation 1 analy-
sis, the omission of the unrealistic toriodal ﬁeld contribution
made a big difference.
The key to making optimum use of the side-by-side ﬂying
satellites is to use the horizontal gradients of the magnetic
ﬁeld vector measurements. This strongly ampliﬁes the sig-
nal to noise ratio. The separation of the spacecraft at the
equator should be of the order of half the wavelength of
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the highest degree to be recovered. This is of importance
for the design of the constellation. If we aim in the Swarm
mission at a model resolution of degree and order n, a sep-
aration of about πRE/n would be optimal. For a goal of
degree n = 150 a separation of 130 km should then be se-
lected. The observational requirement on the constellation
resulting from the lithospheric ﬁeld objective thus would
be to have two spacecraft ﬂying side-by-side separated in
the E/W direction by about 1.5◦ in longitude at the equator
crossing.
Motivated by the very promising result of the above study
we decided to carry this gradient approach a step further.
A higher degree lithospheric model was synthesised from
a magnetisation model of the Earth’s crust (Olsen et al.,
2006). Magnetic ﬁeld readings were sampled at 5 s intervals
along the orbits of the lower pair, C2-S4 and C2-S7. The
orbit of C2-S7 was actively maintained at a distance 1.5◦ in
longitude east of C2-S4 at the equator. This separation was
seen as optimal for a high-degree ﬁeld recovery.
We aimed at recovering the lithospheric signal to degree
and order 140. For this exercise, all magnetic ﬁeld contri-
butions in the synthetic data set were considered, except for
the toroidal ﬁeld (cf. comments in Section 4.1). The ﬁrst
step was, as usual, the separation of the external ﬁeld con-
tributions. In a joint inversion, the SH coefﬁcients of the
ﬁrst three SH degrees of the internal and external contribu-
tions were determined from the readings of C2-S4 and C2-
S7 on a track-by-track basis and subsequently subtracted.
The full vector information of the cleaned data was used
to derive the horizontal gradients along track, and across-
track between the spacecraft C2-S4 and C2-S7. The data
were counted in equal area bins and downweighted by their
number density to obtain an equal area distribution on the
sphere. In a ﬁrst inversion, the raw distribution of SH coef-
ﬁcients was estimated. From that an empirical damping ma-
trix was constructed reducing the power of all coefﬁcients
which exceeded the average value of the coefﬁcients in their
vicinity (in terms of the n by m map of coefﬁcients) by more
than 200%. In a second inversion the ﬁnal SH coefﬁcients
were determined by a damped inversion using the empir-
ical damping matrix. In order to check the quality of the
results, a degree correlation with the input model was per-
formed. From Figure 10 it can be seen that the agreement
is good (close to 1) over a wide range of degrees. The cor-
relation does not drop below 0.7 until degree 130. This is
an excellent conﬁrmation of the potential of the ﬁeld gra-
dient method. A better impression of the extent to which
crustal detail is recovered can be obtained from Figure 11
showing the input model on the left and the retrieved map
on the right hand side, both at 50 km altitude. All of the
details, especially the ocean bottom stripes, come out very
clearly. Figure 12 again shows the relative errors as a sen-
sitivity matrix ordered by degree n versus order m. Apart
from the polar gap problem for m = 0, coefﬁcient errors
are quite randomly distributed. Thus, there is no indication
of a particular group of coefﬁcients being poorly resolved.
This is a major improvement over the inversions of single
satellite CHAMP data, where the high order (|m| close to
n) coefﬁcients tend to “blow up” (Maus et al., 2006). The
E/W gradients of the lower Swarm pair will provide exactly
this missing information.
This high-degree additional study demonstrated the large
potential for detailed and accurate lithospheric ﬁeld recov-
ery when dedicated satellite constellations are available.
Employing the ﬁeld gradients from an optimally spaced pair
of satellites is the key factor in its success. The demand on
computing power is quite large for such a high-degree so-
lution. To assemble the normal equations matrix for the de-
gree and order 140 model required 3 weeks of system time
on a 8 processor SUN Fire V880. Once the normal matrix
was assembled, the solution of the normal equations took
only about 10 minutes.
5. Conclusions
We have presented in this paper several tests of recov-
ering crustal magnetic signatures. The analysis is based
on near-realistic synthetic data sets. Special emphasis was
placed on reliable retrieval of the short wavelength features.
To determine the most suitable measurement conﬁgura-
tion in a multi-satellite mission, several runs with different
constellations were carried out. The most promising results
were obtained from low-ﬂying pairs of satellites which are
separated in the E/W direction by 100 to 200 km. Employ-
ing the horizontal gradients of the magnetic ﬁeld vectors
signiﬁcantly improves the ability to resolve small-scale fea-
tures. To take full advantage of the ﬁeld gradient informa-
tion, the separation between the side-by-side ﬂying space-
craft should be comparable to half of the smallest wave-
length to be resolved. However, in case of too small a
separation, the gradient estimates may degrade due to the
noise contribution in the individual readings. This antici-
pated degradation in the quality of gradients at very small
separations could be investigated in a further study prior to
launch.
Based on the results of the end-to-end mission perfor-
mance simulator study it was decided that the Swarm mis-
sion shall comprise three spacecraft, one satellite in a
higher orbit and a pair ﬂying side-by-side in a lower or-
bit. This lower pair will provide the relevant data for the
high-resolution ﬁeld models. The anticipated separation
is 1.4◦ ± 0.2◦ in longitude. It may be advisable to start
with a slightly larger separation and reduce it when the or-
bit reaches a lower altitude, in order to maintain a constant
signal to noise ratio in the gradients.
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